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Isothermal Hydrodynamics
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(Received May 28, 1984)

Differential equations governing elastic and flow behavior of compressible biaxial
nematics are derived using the Ericksen-Leslie approach (ELA). Expressions of the free
energy density F, viscous stress gj; and flexoelectric polarisation P!D are derived for
monoclinic and triclinic nematics using the principal axes approach utilised by Saupe.

The expression of ¢}, derived using ELA can be reduced to that derived from Saupe’s

approach by adopting a procedure which was developed in an earlier communication.
For biaxial nematics, the number of elastic constants seems to be the same as the
number of viscosity coefficients, in general.

1. INTRODUCTION

Of the many theories which have been proposed for describing the
hydrodynamic behaviour of biaxial nematics,' the one given by
Saupe® for a compressible orthorhombic nematic comes closest in
approach to the Ericksen—Leslie theory of uniaxial nematics. Genar-
alising the elastic theory of crystals, Saupe shows® that an orthorhom-
bic nematic is described by a bulk modulus, 12 elastic constants and
15 viscosity coefficients. More recently the Ericksen—Leslie approach
(ELA) has been extended’ to describe orthorhombic nematics. It has
been shown® that the expression for viscous stress o; derived from
ELA becomes formally identical to that derived by Saupe’ when the
dissipative function approach (DFA) is utilised.

While the orthorhombic is by far the most symmetrical class of
biaxial symmetry, the existence of the more complex or asymmetric
classes of nematics, viz. the monoclinic and triclinic cannot be ruled
out (see for intance the theoretical prediction in ref. 4 and discovery
of a complex orientation in ref. 5). In this communication, expressions
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for elastic free energy density F, o}, and flexoelectric polarisation P/
have been derived for triclinic and monoclinic nematics on the basis
of the principal axes method used by Saupe.? Extending the proce-
dure adopted in ref. 3 the expression for o; derived from ELA is
shown to reduce to the corresponding expression derived from
Saupe’s approach for both monoclinic and triclinic classes. Expres-
sions of F and o for a compre551ble triclinic or monoclinic nematic
go over to those given by Saupe? when orthorhombic symmetry is
assumed for the director field. For a given class of biaxial symmetry,
the number (n,;) of viscosity coefficients of a compressible fluid is
found to equal the number of elastic constants (n,) plus the number
of surface terms; for an incompressible fluid, n = n,. As stated
earlier, there are other hydrodynamical theories which have been
presented for biaxial nematics.®'2 However a discussion of these falls
outside the scope of the present paper.

2. CONSERVATION LAWS, CONSTITUTITIVE ASSUMPTIONS
AND ENTROPY INEQUALITY

The approach adopted in this communication closely follows that
used in ref. 3. Let the preferred direction of molecular orientation of a
compressible biaxial nematic be represented at each point x, by a
non-coplanar triad of unit vectors a,b, ¢ whose magnitudes and pro-
jections along one another remain constant (|a|2 b>=c>=1;a-b,
b:c and ¢-a are constant). Temperature T is also assumed to be
fixed. Following ref. 3, it is straightforward to write down the follow-
ing relations

p+po, =0 )
py; = o, + of; (2)
dF/dd; =0; 0F/aNf=0  (CP) 3)

; [@dF/da;+ &, ;3F /8a;; + a,, 3F /3a;,]
= 2 [a,0F/3a, + a,;0F/3a, ;+ a;,0F /3a,,] (4)

0; = Uj? + ojli > g'= gi"o + g,-“' (CPy,
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gj? = —pzsijaF/ap - pzak,,‘aF/aak,j’
g°=—pdF/da,, @i=pdF/da; (CP) )
pTS = o;d; — ; g'N'>0 (6)

O — O = 2 [ gia’ak - gl?,ai] = ; [ak(ppadi - 77','?,] - g,-“o - G/ )

— a;(ppady = i, — &° = pG{') |
(7

Notation is as in ref. 3. In particular the N? (CP) are not all
independent, but are related to N the rotational velocity of the
director field relative to the fluid (see Appendix 2). The external
director body forces G/ (CP) are generally produced by the use of an
external field which interacts with the system via the respective
susceptibility. In the case of an electric field it may be necessary to
consider flexoelectric effects.’® This has been treated in subsequent
sections. F is a function of p, g;, a;, (CP) while ¢}, and g" (CP) are
functions of d; and N (CP). Egs. (2) and (7) should help determine
the three components of velocity and three quantities (say angles)
which describe the director field.

3. F,q; AND P!)) FOR THE TRICLINIC CLASS

A. Saupe’s approach

Let the director field of a uniformly aligned triclinic nematic be
described by unit vectors a,b,¢ which are non-coplanar but not
necessarily mutually orthogonal. Without loss of generality, the coor-
dinate axes can be chosen such that x, is along a, and b lies in the
x,x, plane. Then the aligned director configuration is

a=(1,0,0), b=(d1,d2,0), c=(e1,ez,e3),
di+di=1=el+el+ei d =a-b, ®

e, =c-a, ed +ed,=b-c¢, eyd,=a-bXc
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Under small rotations «; about the axes x;, the director field is
distorted so that

a=(la;, —a,), b=(d, - dya;,d, + d\as ,dya) — d\ay),

(€)

c= (e — ea;t+ en;,e, + eja; — e;ay,e; + ea, — e\ay)

where a; are functions of x,. The torsion tensor «a,, = a;,, is in
generally asymmetrical. Following ref. 2, F is written as a quadratic
form in the principal axes frame

pF = Fy+ Nyttt /2 + g0 /2 + [ Bae@ine + KU ] (10)

where u; = (u;; + u;;)/2 is the familiar symmetrical strain tensor
corresponding to a linear displacement . The terms [ ] exist only
for an enantiomorphic system and vanish for a nematic. The only
symmetry imposed on p;, is that p,... = p,,., so that their number
is 45. As the system is a fluid, Ayk,uyuk,e}\( O and Ky, U@,

K1 1m(4;)%,- EQ. (10) can now be written as

A 1
pF=Fy+ & 5 2 Mijn1 %0+ 2 Prijict i
2 2
/ ik
e

r 1
+l 'k(P‘ik+ Kl]ikzujj‘)aikJ (11)
i J

This expression can be cast into a frame indifferent form by transfor-
mations (see Appendix 3) which show that each a;; can be written as a
linear combination of one or more of the nine quantltles

Lpe = a;by ¢ Loy = a;a; by, L = a0, ;¢4 (CP) (12)

a

The [ ] terms result in nine linear terms while Mt % g contributes 45
second order terms each of whose coefficients is a linear combination
of the p;,. Now using the expression for the triclinic metric (see
Appendix 1) and following Ericksen,'* six divergence terms can be



Downloaded by [Tomsk State University of Control Systems and Radio] at 13:16 20 February 2013

I[SOTHERMAL HYDRODYNAMICS 269

constructed

D, =(aqa,— ak“j,j),k

= 2[(1aablbca Iaac‘lbba )a ab( cca aab aaclcab)

- aa(Imecab + Ibbalcca )]/(a «b X C),

D, =(a;b, — akbj,j)‘k

= [bc(laabibca aaclbba ) a(IaabIbbc + Ibbalabc )

—_ab(lbmlmb + Ic abe + Ibbalcca + IccbIaab)

_aa( cca aab aaclmb)
+ By(lelear = Iopalecs) } /(@D X €)  (CP)  (13)

From Eq. (13) it is clear that some six of the products 1,7,
occurring therein, can be written in terms of the six divergence terms
and the remaining I products. There is clearly more than one way of
doing this. However, keeping in mind the expression of F for ortho-
rhombic nematic,” the six products I,.1,.,, 1.1, (CP) are elimi-

nated from the expression for F, which can now be written as

pF = Fy+ Nu;)*/2
+ { Ea: [(ka + Kaujj)labc + (l + >\ jj)Iaab + (m + Mg _[_[)Ibba]}

I

aac

+§[k 12+ kgl + k, 12+ 2¢,

ac “aac ddt

Ibbc + 2C aa

aab

+ 2Cba1aab abe + 21 aabIbba + 21ab1aab1bbc + 2lba1aab1bm

+ 2m aab cab +2m

ab aac abc‘

+ 2mba aac Ibba

+ 2paa aachca + 2kOaDau + 2[0aDab]/2 (14)

The terms { } will not occur for a nematic. The different elastic
constants k,I,m, are linear combinations of the components of the
tensor u, with coefficients which depend upon the scalar products
a'b, b-c, c-aand a+-b X ¢ As these expressions are cumbersome,
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they have not been presented. Eq. (14) shows that F for a triclinic
nematic depends on 39 elastic constants and 6 surface terms. It has
been stated!® that the number of independent elastic constants of a
triclinic crystal can be reduced from 21 to 18 by including three
angles in the description. This possibility has not been explored in this
communication. Substitution of Eq. (14) shows that F satisfies Eq. (4)
identically.

The expression for o/, the viscous stress is derived following refs. 2
and 3. In the principal axes frame, the dissipative function ¢ = pTS/2
is written as a quadratic form in dij (symmetric part of the velocity
gradient v;;) and & — f3; the velocity of rotation of the director field
relative to the fluid (which represents the antisymmetric part of v, )

Bi = €wvii/2, Wy = fjmiﬁi ’

. . . (1)
Q= [Tlijkldijdk[ +v50 (6 — B) (& — Be) + Yi(kzl)(""i - ﬂi)dkl]/z
As the only symmetry to be satisfied by the tensors is mathematical,
M contributes 21 independent coefficients, v} six and y{3 18, so
that the compressible triclinic nematic has 45 viscosity coefficients.
This brings out an interesting fact that in DFA, the viscous stress and
the dissipative function are described by the same number of viscosity
coefficients as F is by elastic constants and surface terms. In a way it is
not surprising, because the quadratic forms written for F and ¢ are
essentially similar for a biaxial nematic. While the expression for F is
built out of nine curvature strains /,,,, the expression for ¢ is
constructed from the nine quantities which represent the symmetric
and antisymmetric parts of the velocity gradient. In frame indepen-
dent notation, (see Appendix 3) the dissipative function can be
written as

2(p = 2 [naaaaAg + 2naabbAaBb + 4naaabAaAb + 4naacaAaAc
+ 4naabtAaBr + 4nababAl§ + 8nabcaAbAc + YaaaNlalAa
+ YoaaNibiAa + YeaaNi€1Aa + 2¥aas N Ay + 240, Nbj A,

+2Ya N4, + Yaa(Nlal)2 + zYabN/alebm] (16)

where A, = ad,a,, A, = B, = a,d, b, (CP). The viscosity coefficients
in Eq. (16) have been weighted keeping in mind the expression of ¢
for an orthorhombic nematic?> and are linear combinations of the
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components of the viscosity tensors 7 and y. As the expressions are
somewhat lengthly, they have not been presented here. Following ref.
2 and ref. 3, the viscous stress o}, is defined as

0= o + a;,-“ = 39/3d; — 39/32 (17)

where Q,.j is the antisymmetrical tensor which represents N (Appendix
2). The definition of o given in Eq. (17) is general and can cover
cases where the director field undergoes a dissipative relaxation
without the occurrence of material flow. From Egs. (16) and (17) the
viscous stress can be written as

0; = Z [a G (2MgaaaAa + $Maaar A + Magcade + 2Maaps By + $Muape Be
*+ 2%caaCe + Yaaa N1 + YoaaNibr + YeaaNi€))
+ @b, (MaaasAa + NabavAp + NeaavAc + Movas By + Nappe Be
* Necas Co + Yaar Nl + Yoo By + Yeau Ni))
+ @b (NaaasAa + NabavAs + NewavAe + Mopas By + Tgppe B
+ Notas Co + Yo N2y + Yoy N /by + Yc:bNICI)]/23
Naaab = 2Maaab £ (YaaaCa + Yoaas + YeaaCe)/2
Nabab = Mavab £ (YaasCa + YoabCh + YearCc)
Neaab = HMcaab £ (YacaCa + Yoca®s + YeeaCe)
Mobab = 2Mobab £ (YabsCa + YossCo T YessCc)/2
(18)
Nabve = Masbe & (YaveCa T ToneCh + Yopee)
Necab = 2Mecap £ (YaceCa F YooeCo + Yece€c)/2
Yaab = Yaab £ (Yaa€a + YarCo + YeaCo)s
Yoab = Yeab £ (YabCa + YouCb + YocCec)s

‘Ycib = Ycab * (Ycaca + .chcb + chcc)
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Using Eqgs. (18), (14) and (7) it should be possible to write down the
torque equation in the absence of external fields.

If the material is flexoelectric, electric polarisation P,.(f ) can result
due to director field distortion. Following Meyer'?, P{/ is assumed to
be a linear function of director gradients in the principal axes frame

Pi(D‘_‘ ik Kk (19

The tensor ey has 27 components, all of which enter the picture. In
frame indifferent notation (see Appendix 3)

P(D 2‘1( aaalaab + €aa ‘laac aaclabc balbba

€abb ]bbc €abe Ib(’a +e €aca Icab €ach Icca + €ace Iccb ) (20)

where the e, are linear combinations of the tensor components e .
When flexoelectricity is present, P/ has to be added to the dielectric
polarisation for determining the total displacement and electric free
energy in the presence of electric field induced director distortion.

B. Ericksen-Leslie approach

A general tensorial expansion of quantities in terms of independent
variables is adopted here. The expressions for F and P/ so derived
are found to be formally identical to Egs. (14) and (20) respectively.
However, the viscous parts of o; and g/ (CP) are found to be some
what different. Using Eqs. (A4) and (B3) from the Appendices 1
and 2,

= > [ 40(XaaAa + CugasAp + CpgaeAe + 0,

aaa“"a a aaac’ ¢ aaba
a

Bb + aaabbBc

aabcC + aaacaNIal + aaach[bl + aaachlc/)

+gq bi(UgpaaAa + CapapAp + CupaeAe + Cupp, By + 0y B,

+ Abbe Cc + aabcaNla[ + aabchlbl + Abee N/C[)

+ ajci(aacaaAa + aam

pAp + A, +

acac’’c acha

Bb + aacbbBc

acbcC + aaa‘aN/al + aacchlbl + aacchlcl)]’
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‘_a = a( aaa a BaabAb + aBaacA + BabaBb + BabbB + szbc
+18acaNla[ + Bach[bl + Bm:chcl)

+ b;(8,00 A, + OuapAp + 8,004, + 8, By + 8,4, B,

aaa

+8

a

bcCc + 8acaN1a/ + 8achlb/ + achlcl)

+¢(T,

aaa

Aa + TaabAb + TaatAc + TabaBb + TabbBc
T, bcCc + TamN/a[ + Tachlb/ + 7 achlcl) (CP) (21)

The conservation of angular momentum (Eq. 7) shows that the
viscous torque is determined by certain combinations of the coeffi-
cients 8,7, which in turn are determined by combinations of «, the
viscosities:

Xgbaa — Xpaca = 6atm = Theat Qabab ~ Cpaba = Saab = Thbas
Qobac — Opace = 8aac = Thees Cabba — Opaby = 6aba ~ Thbbs
Qabbs — Cpabe = Babb ~ Thbes Qobbe — Opgep = sabr = Thebs
Qapca — Rpgaa = Saca = Tbaas Qapeb ™ Opgap = 6zxzc’b = Thabs
Xabec — Xpgac = aacc ~ Thac- (CP) (22)

’

A tensorial expansion thus results in an expression for ¢ which is
described by 81 viscosity coefficients «. Applying Onsager’s princi-
ple’, one finds 18 relations which are satisfied by the «

ach + chZ + CCX3 = Opaba — Qgpabs

aaX| + abXZ + acXJ = Qepag — Qpepas

baXI + beZ + ch3 = Ogeap ~ Cegaas
Calloneq + Co%ach +c Ce@gace = Cpaca ~ %gpaa> (23)
A:%4cq + Ay Oyaep + AQgace = Ccpac ~ Apecas
ba Qugea t bbaaacb + bcaaaa‘ = Qgeaa — Oegaes (CP)
Xl = Qapea + Xpaaas XZ = Qgpeh + Qpaah> X3 = Ogpee + Xpaac
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Even with Eq. (23), full accord between Egs. (18) and (21) is not
obtained. For bringing Eq. (21) into the form of Eq. (18), the
procedure outlined in ref. 3 is followed. Using Egs. (21), (22) and (6)
the entropy generation or equivalently ¢, is written down. The coeffi-
cients are linear combinations of the a. Now, oj,f, is calculated from
Eq. (17) and equated to that given by Eq. (21), term by term. This
results in all the a’s being determined by the n’s and the y’s of Eq.
(18), and Eq. (21) can now be cast into the form given by Eqg. (18).
These equations which determine the o’s include the Onsager rela-
tions (Eq. 23) and can be written as

Qaaa = Nagaa> 2aaa(‘b = Ybaa> 2 Coace = Yeaas

%gaab = QXabaa + Rpaca = 27'aaab;

aaaba = abbca = T’aabb; 2( abaca - aabaa) = ac‘Yaaa + bt.Ybaa + Cr Yma;
Qaac = Qaeaq + Rgae = znaaca; 2 %aca = Yaaas
2(aa¢‘aa - acaac) = baYaaa + bbeaa + bcyma; Qabab + Apapa = 4nabab;

Qpaba ~ Qabab = AeYaab + chbab + Cc¥eabs
Raabh = Cpcea + &epac = 2naabc;

(24)
2(acbac - abcca) = aa Yaaa + abeaa + ac Yraa;

Agbac + Qpace = Qeap + Xgaa = 4ncaab;

%Xpace = Qabac = Ca¥aca + CpYbca + Cccha:

Cpeab ™ Xeqga = baYaab + bbeab + chcab; Kabea + Cpaga = Yaab>
Qpgaa — Capea = CaYaa + CpYab + CcYeas Qoped + paah = Ybabs
®paab ~ Cabeh = Ca¥ap + CpYop T CcVpes upee t Xpgae = Yeabs

abaac T Qupee T caY(a + Cbec + Ccch . (CP)
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4. MONOCLINIC NEMATIC AND ORTHORHOMBIC NEMATIC

Let a be the diad axis, which is normal to b and ¢. Vectors b aid ¢
need not be perpendicular to one another. As the three director fields
are no longer equivalent, the expressions of different physical quanti-
ties for a monoclinic nematic cease to be completely symmetrical with
respect to a, b and c like those of a triclinic nematic (section 3) or an
orthorhombic nematic®. In the principal axes frame, a and b of an
aligned nematic can be made to coincide with the axes x; and x,
respectively; ¢ can lie in the x,x; plane. A two-fold axis of symmetry
about x reduces the number of existing and independent components
of p, (Eq. 10) from 45 to 25. There can now be only four divergence
terms, viz. D,, (CP) and D,, (Eq. 13). Eq. (14) reduces to

pF = Fo+ Nuy)?/2 + { > (kg + gty Lape + (e + Actt) Ly
+ (ma + ""’aujj)Ibba }

actaac atabe ac

+ ; [ Kaplias + Kaclane + Kaalape + 260 Doucppe + 2ko, Doy | /2

1

cca

I}

abc

+ ol Line + Cactocalcas + LinLaan Lone + 1,

aa*aab*aac ac*cca* cab ac

+ Ibb Ibbcl

cch

+ maclccblaac + mbc]bba]b('a + m(‘flccalbca + Pbebbalcab + [()bDbc .

(25)

A monoclinic cholesteric will have the five additional linear terms { }
which are absent for a monoclinic nematic. The elastic constants
k,l,m, p are linear combinations of the existing tensor components of
u, with coefficients which now depend upon b:c and a-b Xc. It is
easy to show that the rest of the elastic constants in Eq. (14) vanish
identically when a becomes a diad axis.

Turning now to the dissipative function (Eq. 15) 5 has 13, y(" 4
and y?, 8 surviving components and thus a monoclinic nematic is
described by 25 viscosity coefficients, which is the same as the
number of elastic constants and surface terms. The viscous stress is
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given by
Ea [znaaaaAa + 2T’aabbBb + 2naaccc ]/2
+ a;q; [4naab¢B + YaaaNkak:l/z + b [4nbbchc + Yabkaak]/z

+Cicj[4ncccht + Yachkak]/z

+

@b, MipasAp + NoaavAc + Vo Niby + Yo N ] /2

+
\e~

iCi naabcAa + nbbchb + nccbcc + nbcchc + .YachIal]/z

+

+

a; T’ababAb + ncaabA + YbabNIbI + Ycakack]/z

1

b.c

+

Naa bcAa + nbbchb + nccbrc + nbch‘Bc + Yachlal]/z

!

[
[
¢ Meaas Ay + NeacaAe + YeeaNiC + YpeaNibi /2
bl
ol
[

+c.a;

% ncaabAb + ncacaA + chaNlcl + ‘mejvkbkjl/2

naii;ab = 47’abab * (Ybabbc + Ycabcc)’ nc-::ab = 4ncaab * (chabc + chacc)’
Yblr;b = Ybab x (Ybbbr + chcr)v Ycib = 'Ymb * (chbc + chcc)’
naiz;bc = 2naabc * Yaaaaa/z’ nbib-bv = 2nbbbc + Yabbaa/z’

(26)
T'c::.bc = 2nccbt x Yaccaa/ 2’ nbi;bc = 4nbcbt * Yabc9a >

L = +
Yabe = Yabe = Yaa% s

ncaab 4ncaab - (Ybabbb + Yrabbr) ’nc:;ca = 4ncaca * (chabb + chabc)’
.Ybiz:a = Ybca * (Ybbbb + ‘chbc)’ cha = Yeca * (chbb + chbc)

The ELA can be used along the lines of section 3. It is of course
necessary to restrict terms which allow a diad axis about a. o}, is found
to depend on 41 as. The Onsager relation yields 8 equations relating
some of the 41 as. The DFA results in 16 relations which include the
eight Onsager relations. With these equations the 41 as can be defined
in terms of the #s and ys of Eq. (26). One essentially gets subsets of
Egs. 21)-(24).

For the flexoelectric polarisation, the surviving components of e;;
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(Eq. 19) number 13. For a monoclinic nematic,
Pi(f) = zai(eabalbba + eatblcca) + ci(ecaalaab + eccaIccb)
a

+ ai(eaaclnbc + eabclbca + eacalcab) + bi(ebaalaac' + ebbblbbc)
(27)
A general tensorial expansion restricted by a diad axis about a leads
to a formally identical expression as Eq. (27).

For the orthorhombic class of biaxial symmetry, Eq. (25) reduces to
the expression for F given by Saupe;? Eq. (26) goes over to the
expression for o) for a compressible orthorhombic nematic’. The
flexoelectric polarisation P/ is described by six constants

P’(f) = zai(eabalbba + eacbI(‘Ca) (28)
a

If uniaxial symmetry is imposed about one of the directors, say a, Eq.
(28) becomes

PP = eaa, + e;a.a,, (29)
which is Meyer’s expression for a uniaxial nematic'* which is de-
scribed by director a. (e, and e, are the flexoelectric constants of a
uniaxial nematic; also, e,, =e,,=0, €,, =€, = — €, €4 = €
= e,).

3

5. INCOMPRESSIBLE FLUID

For a triclinic nematic, using Eq. (A4),

dy = Z (haaAa + 2kabAb) (30)

a

Using Egs. (30) and (A4), it is possible to absorb the six viscosity
coefficients 1,,,,, M. (CP) in linear combinations with other terms.
The viscous stress can now be shown to be given by Eq. (18) with the
restriction that the terms a,a; (CP) will not occur and

Naaaa
Naaab ™ Naaab ~ PavNaaaa! 2Paa = PoaMapas/ 2Py »
Naaca ™ Naaca ~ PeaMaaaa/ 2Paa = PaaMeaca/ 2hea »
Naabh ™ Maabs ~ PopMagaa/ 2Maa = PaaMovon / 2Py » (31
Naabe ™ Naabe — MoeNaaaa/ 2Pag = Paabeba/ 2Mpe »

nai[;ab - naiab - 4nabab (CP)
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An incompressible triclinic will thus be described by 39 viscosity
coefficients which is the same as the number of elastic constants.

As the elimination of 7, (CP) involves division by the quantities
h,, (CP) two of which are zero for a monoclinic nematic, the expres-
sion of o for an incompressible monoclinic nematic has to be
obtained from that for a compressible monoclinic nematic and cannot
be directly deduced from the expression for an incompressible tri-
clinic nematic. For a monoclinic nematic, using Eq. (A7) one finds
that

dy = A, + hy (B, + C,) + 2h, B, (32)

With Egs. (32) and (A7) the viscosity coefficients 7,,,, (CP) and 7,
can be eliminated from the expression for the viscous stress. o is now
given by Eq. (26) subject to the restrictions that the terms a,a,4, (CP)
do not appear and

Naabb > Maabb ~ (PboNaaaa + Movws/ Fss) /2,

Nosee = Mosce — (Moowp + Necec)/ 25

Necaa ™ Necaa ~ (PooMaaaa + Necce/ Pow)/ 25

Naabe ™ Maabe ~ (PocNagaa + Mocve/ Pinc) /2, (33)
Nowbe = Movbe — (PocToin/ Boo + ppMocoe / Boc) /2,

nccbc - nccbr - (hbcncccc/ hbb + hbbnbcbc/ hbc)/ 2’

+ +
Noche - Mocbe — 4nbcbc

An incompressible monoclinic nematic will thus be described by 21
viscosity coefficients which is the same as the number of elastic
constants.

It is again not possible to deduce the expression of o for an
incompressible orthorhombic nematic from that of a; for an incom-
pressible monoclinic or triclinic nematic, for obvious reasons. One
can however start from Eq. (18) or from Eq. (26), reduce it to

orthorhombic symmetry, use Eq. (A8) to get d,, = >, 4,, eliminate

the three viscosity coefficients 7,,,, (CP) and obtain’ an expression
which is identical to that given by Saupe.” It is possible to rewrite the
expression (16) using Eq. (30) to obtain entropy generation in an
incompressible triclinic. A similar expression can also be written for
an incompressible monoclinic nematic. These have been left out.
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Expressions for the external director body forces pG* (CP) can be
derived by following Ericksen.'® When the inhomogeneity of the
medium brings about an inhomogeneity in the applied field, the field
may also contribute towards the external body force pf;. Some simple
examples of hydrostatic and hydrodynamic behaviour such as
Freedericksz transition, back flow, rotating magnetic field and rotat-
ing sample, power spectrum of hydrodynamic fluctuations, simple
examples of electrohydrodynamic instabilities and flexoelectric do-
mains etc. are likely to be presented in the near future.'”'®

APPENDIX 1. DERIVATION OF THE METRIC

Triclinic nematic

If a% b°, ¢° are three orthonormal vactors,
0,0_
§aj aa)=§; (Al)

Let a triclinic nematic be described by three non-coplanar unit
vectors a,b,c. Without loss of generality, a can be chosen parallel to
a% and b to lie in the (a% b°) plane. In the a° b° c® frame, using Eq. (8)

a=2a’, b=da"+db’, c=ea"+eb"+ed® (A2)
Solving for a°% b°, ¢% one gets
5 _ o _ 0_
a =a, b" = fia+ f;b, ¢ =ga+ gb+gg,
h=-d/d,, f=1/dy, (A3)
g1 =(ed, — edy)/esd,, &= —e/ed,, g3=1/e;
Using Egs. (Al) and (A3) it is possible to write
8,72 [haaa,-aj + hop(a;b, + ajbi)] (Ad)
haa = [e32 + (eZdl - e1d2)2]/e§d2’2 ’
hy, = [ele2d2 - dl(e% + e%)]/e%df,
(AS)
ha = (ed; — e\dy)/e3dy, My, = (€3 + €3)/edd},

hbc = _—e2/e§d2’ hcc = l/e§
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Monoclinic nematic

a is the diad axis, which is normal to b and ¢. Hence,

d=e=fi=g=0 dy=es+e=1=f, (A6)
5= —e/e;, gi=1/¢e;
8; = a,a; + hyy(b;b; + c;¢;) + hy(bic; + bic,),
(A7)
hbb=kcc= l/eg? kbc= _eZ/e§

Orthorhombic nematic

All three vectors a,b,¢, are mutually perpendicular to one another
and all three are diad axes of symmetry. As compared to Eqgs. (A6)
and (A7) we further have e, =0, e, = 1, and

8= ;a,aj (A8)

Expressions on the right hand sides in Eqs. (A4), (A7) and (A8)
indicate the form of a general symmetrical tensor for that particular
class of biaxial symmetry. Material properties such as dielectric
permittivity, thermal conductivity, electrical conductivity, diamag-
netic susceptibility etc. are represented by symmetrical tensors. Thus
the electrical conductivity tensor for a triclinic nematic

K9 =Y [Kaa;+ KD (ab; + ab)) (A9)
a

is described by six constants K%, K (CP). The dielectric tensor of a
monoclinic nematic

€= geaaaiaj_*- €bc(bicj + bjci) (A10)

depends upon four dielectric constants ¢,, (CP) and ¢,.. The diamag-
netic susceptibility of an orthorhombic nematic

X = gxaaaiaj (ALl)

is described by three susceptibilities x,, (CP) and is a diagonal tensor
in the principal axes frame. For the triclinic and monoclinic classes, it
should be possible to transform to principal axes and convert a
symmetric matrix into diagonal form. It is not known whether this
will lead to a simplification of the differential equations.
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APPENDIX 2. VELOCITY OF ROTATION N OF THE
DIRECTOR FIELD RELATIVE TO THE FLUID
Triclinic nematic

It is known> that the velocity of rotation of the orthornormal triad
a%, b°, ¢® relative to the fluid which is described by the velocity field
v(x,) is

N=3(N?c%" or N,=3a’(b)—w,b’)} (Bl

a a

For a triclinic nematic which is described by the non-coplanar direc-
tor triad, a,b, ¢ and a velocity field v, (x,) the same construction as in
Appendix 1 is effected. The triad a°% b c® is assumed to be rigidly
fixed to the frame a, b, ¢. The rotation velocity of a, b, ¢, can be equally

well described by Eq. (B1). Using Egs. (A2), (A3), and (B1) one finds
that

N, = ;(N,fck)ai/(a-bx hc) (B2)
In terms of N,, the N7 (CP) can be expressed as
NP =a[c,Nb, — a,N;] + b a,Nc, — c,Na)
+c¢;[a,Na, — a,N,b;]  (CP)
a,=a*b/V=d/ed,=b,,

. =b-c/V=(ed +ed,)/e;d,=c,, (B3)
c,=c-a/V=e/esdy=a,, a,=b=c=1/V=1/ed,,
V=a-bXec

Monoclinic nematic

a is the diad axis. N is given by Eq. (B2) with a-b X ¢ = e,. The Nf
(CP) are given by

Nia = biN[C/ - C,'N[blaa ’
N} = —=b.Nab, + byNac; + a,[ b.Nb, — b,Nc,],

(B4)
Nf=c¢b.Na + ai[Cchbl - b(N,C,l — bicNay,

b, = e/ e, ag,=b=c =1/e
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Orthorhombic nematic

arb=b-c=c-a=0;a,=b,=c.=1;a-bXc=1. Eq. (Bl) repre-
sents N and

N#=bNgc,— cNb,  (CP) (B5)

If ©,, is the antisymmetrical tensor which describes the rotation of the
director field relative to the fluid,’

N, = lezblckai/(a b X<¢) (B6)

APPENDIX 3

In order to write F and o} in frame indifferent notation, the following
transformations are used:

Triclinic nematic

O fidoay + 8aar 2wy 0 fidyy + ol
a3 folpy s 2 o filaay = fodppa ) @33 fodue s
3> 8op + 8albe + 83(831eca = Balear )
a1 [l oy + 83(fTlaae * filone ) + f1 283 (Labe = Toea):
a3 filoe = 83(fileca + frleos) + 8285 folobe = filpea) + 8183 0a»
L=h& =g Ja=fdawet flaes o = fidoas = frlbva>
Jac = 8laas = 8aloba + 83lear>  Jop = ~ 82laas — 83laaec»  (C)
Ioe = &olbpa + &3lhear @~ B Nay,

&~ B> fiNg + foNby, a3 — By g Na, + gNb, + g3Nc,
dy—=>4,, do>fid,+HA,,  diyog A+ g A+ giA.
dy = fiA. + 2f1 A, + f3By
A= f1814,+ ([i82+ /28)As + [1834: + [283B. + [28:By

dy > giA, + 28, 824, + 28, 834, + 28,838, + g3B, + g3C,
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Monoclinic nematic
d=e =f =g =0d,=f,=1. From Eq. (Cl) one gets
ay = 8l s oy~ g3l a3 = gLy + 8 830sne »
(253 -> - gZIaab - g3Iaac ’ a22—) gZIbba + g3Ibca s
03> 82 821bba + 83lbca ) + 83(&31cca — 821eas )»
033> Loy, s ap=> =1y, , @33 &30p — &2lbba s
. , (C?)
&, — B, Na, &, — B, Ny,
d3—B3—>g2N,b,+g3N,c,, dy—>A4,, d,—A4,,
di3— g4, + 834, dy, > By,

dy; > g3B. + g,B,, ds;—> g3B, + 28, 8:B. + g3C.

Orthorhombic nematic

The transformations can be deduced from Eq. (C2) with the further
restriction that e, = g; =0, e; = g5 = 1. Then,

oy = Lo s o> 1y, a3 > =1y,
> dpes Wl ay L,
031 Loy s ayp > = Iy, 33> Ly s (C3)

&, — B> Na, i, — B> Nb,, 0"3_.:33_)N1C1’ dy—>4,,

d,—A4,, d;—> A, dy— B, dy;— B, dy,—C..
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