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(Received May 28, 1984 ) 

Differential equations governing elastic and flow behavior of compressible biaxial 
nematics are derived using the Ericksen-Leslie approach (ELA). Expressions of the free 
energy density F, viscous stress uii and flexoelectric polarisation P,'D are derived for 
monoclinic and triclinic nematics using the principal axes approach utilised by Saupe. 
The expression of u,', derived using ELA can be reduced to that derived from Saupe's 
approach by adopting a procedure which was developed in an earlier communication. 
For biaxial nematics, the number of elastic constants seems to be the same as the 
number of viscosity coefficients, in general. 

1. INTRODUCTION 

Of the many theories which have been proposed for describing the 
hydrodynamic behaviour of biaxial nematics,' the one given by 
Saupe2 for a compressible orthorhombic nematic comes closest in 
approach to the Ericksen-Leslie theory of uniaxial nematics. Genar- 
alising the elastic theory of crystals, Saupe shows2 that an orthorhom- 
bic nematic is described by a bulk modulus, 12 elastic constants and 
15 viscosity coefficients. More recently the Ericksen-Leslie approach 
(ELA) has been extended3 to describe orthorhombic nematics. It has 
been shown3 that the expression for viscous stress a,!; derived from 
ELA becomes formally identical to that derived by Saupe2 when the 
dissipative function approach (DFA) is utilised. 

While the orthorhombic is by far the most symmetrical class of 
biaxial symmetry, the existence of the more complex or asymmetric 
classes of nematics, viz. the monoclinic and triclinic cannot be ruled 
out (see for intance the theoretical prediction in ref. 4 and discovery 
of a complex orientation in ref. 5). In this communication, expressions 
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266 U. D. KIN1 

for elastic free energy density F, a;i and flexoelectric polarisation 
have been derived for triclinic and monoclinic nematics on the basis 
of the principal axes method used by Saupe.2 Extending the proce- 
dure adopted in ref. 3 the expression for uji derived from ELA is 
shown to reduce to the corresponding expression derived from 
Saupe’s approach. for both monoclinic and triclinic classes. Expres- 
sions of F and for a compressible triclinic or monoclinic nematic 
go over to those given by Saupe2 when orthorhombic symmetry is 
assumed for the director field. For a given class of biaxial symmetry, 
the number (nVis) of viscosity coefficients of a compressible fluid is 
found to equal the number of elastic constants (nJ plus the number 
of surface terms; for an incompressible fluid, nvis = ne,.  As stated 
earlier, there are other hydrodynamical theories which have been 
presented for biaxial nematics.6-” However a discussion of these falls 
outside the scope of the present paper. 

2. CONSERVATION LAWS, CONSTlTUTlTlVE ASSUMPTIONS 
AND ENTROPY INEQUALITY 

The approach adopted in this communication closely follows that 
used in ref. 3. Let the preferred direction of molecular orientation of a 
compressible biaxial nematic be represented at each point x k  by a 
non-coplanar triad of unit vectors a,b,c whose magnitudes and pro- 
jections along one another remain constant (la12 = lblZ = lcI2 = 1; a - b, 
b - c  and c . a  are constant). Temperature T is also assumed to be 
fixed. Following ref. 3, it is straightforward to write down the follow- 
ing relations 

c [ a k a F / a a i  + ak.j a F / a a i j  + a/,k a F / a a ~ , ~ ]  
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ISOTHERMAL HYDRODYNAMICS 267 

0; = - p2&y a - P c uk,i a F / a a k , j  9 

a 

- a;(ppoiik - TU Jkd  . - gk"0 - PGka ) ]  

Notation is as in ref. 3. In particular the N," (CP) are not all 
independent, but are related to N the rotational velocity of the 
director field relative to the fluid (see Appendix 2). The external 
director body forces G: (CP) are generally produced by the use of an 
external field which interacts with the system via the respective 
susceptibility. In the case of an electric field it may be necessary to 
consider flexoelectric  effect^.'^ This has been treated in subsequent 
sections. F is a function of p, a;, aj.k (CP) while u,!~ and g:' (CP) are 
functions of dy and N: (CP). Eqs. (2) and (7) should help determine 
the three components of velocity and three quantities (say angles) 
which describe the director field. 

3. F, ujl AND P:n FOR THE TRlCLlNlC CLASS 

A. Saupe's approach 

Let the director field of a uniformly aligned triclinic nematic be 
described by unit vectors a, b, c which are non-coplanar but not 
necessarily mutually orthogonal. Without loss of generality, the coor- 
dinate axes can be chosen such that x i  is along a, and b lies in the 
x,x2 plane. Then the aligned director configuration is 

e, = c - a, e,d ,  + e2d2 = b c, e3d2 = a - b X c 
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268 U. D. KIN1 

Under small rotations ai about the axes x i ,  the director field is 
distorted so that 

where ai are functions of x k .  The torsion tensor aIm = is in 
generally asymmetrical. Following ref. 2, F is written as a quadratic 
form in the principal axes frame 

where uy = ( u , ~  + u,,,)/2 is the familiar symmetrical strain tensor 
corresponding to a linear displacement u,. The terms [ ] exist only 
for an enantiomorphic system and vanish for a nematic. The only 
symmetry imposed on p y k /  is that ppqrs = prspq, so that their number 
is 45. As the system is a fluid, A,kIu,Jukl-+A(u$2 and KlklmU,k(Y/m-+ 

K ~ ~ ~ ~ ( u ~ ~ ) ( Y ~ ~ .  Eq. (10) can now be written as 

This expression can be cast into a frame indifferent form by transfor- 
mations (see Appendix 3) which show that each aij can be written as a 
linear combination of one or more of the nine quantities 

The [ ] terms result in nine linear terms while pvkla,akl contributes 45 
second order terms each of whose coefficients is a linear combination 
of the p y k l .  Now using the expression for the triclinic metric (see 
Appendix 1) and following Ericksen,I4 six divergence terms can be 
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ISOTHERMAL HYDRODYNAMICS 269 

constructed 

Daa E ( a l a k , l  - 

= 2 [  (IuabIbca - raaclbba)ac - ab('cca'aab + Iaac'cab) 

- aa(IbcaIcab + Ibba'ccu ) ]  / (a  * '), 

- ab(Ibcazcab + lcab'abc + IbbaIcca + 'ccb'aab) 

- aa(IccaIaab + Iaac'cab 

+ bb('bbcfcub - l b b a I c c b ) ] / ( a  c> ("> ( 1 3 )  

From Eq. (13) it is clear that some six of the products Iu,,Ix,,z 
occurring therein, can be written in terms of the six divergence terms 
and the remaining I products. There is clearly more than one way of 
doing this. However, keeping in mind the expression of F for ortho- 
rhombic nematic,2 the six products IobrIbca, IaarIccoh (CP) are elimi- 
nated from the expression for F, which can now be written as 

p F  = Fo + A( uii)'/2 

+ ( [ ( k a  + KaUJj)'abr + ('a + AaUJJ)raab + (ma + & U , j ) I b b a ] ]  

+ 2 [ kaal:bc + kab12ab + k a c l L c  + 2Cab1auc1bbc + 2caafaab'aac 
a 

+ 2puaIuucIbcu + 2kOa 'au + 2'Oa Dab]  /2  (14) 

The terms { } will not occur for a nematic. The different elastic 
constants k , l , m ,  are linear combinations of the components of the 
tensor y, with coefficients which depend upon the scalar products 
a - b, b c, c a and a * b x c. As these expressions are cumbersome, 
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210 U. D. KIN1 

they have not been presented. Eq. (14) shows that F for a triclinic 
nematic depends on 39 elastic constants and 6 surface terms. It has 
been statedi5 that the number of independent elastic constants of a 
triclinic crystal can be reduced from 21 to 18 by including three 
angles in the description. This possibility has not been explored in this 
communication. Substitution of Eq. (14) shows that F satisfies Eq. (4) 
iden tically. 

The expression for crii the viscous stress is derived following refs. 2 
and 3. In the principal axes frame, the dissipative function QJ = p T S / 2  
is written as a quadratic form in d,, (symmetric part of the velocity 
gradient old) and ki - bi the velocity of rotation of the director field 
relative to the fluid (which represents the antisymmetric part of ulJ) 

pi = c t k / v / . k / 2 t  %J = c$nrP~ 9 

(15) 
‘p = [ qqkldvdk/ + Yl(kl)(&i - b i ) ( & k  - b k )  + Yl(k:)(&i - b ~ ) ~ k / ] / ~  

As the only symmetry to be satisfied by the tensors is mathematical, 
vijk, contributes 21 independent coefficients, y y )  six and y!;) 18, so 
that the compressible triclinic nematic has 45 viscosity coefficients. 
This brings out an interesting fact that in DFA, the viscous stress and 
the dissipative function are described by the same number of viscosity 
coefficients as F is by elastic constants and surface terms. In a way it is 
not surprising, because the quadratic forms written for F and QJ are 
essentially similar for a biaxial nematic. While the expression for F is 
built out of nine curvature strains Zx,,:, the expression for QJ is 
constructed from the nine quantities which represent the symmetric 
and antisymmetric parts of the velocity gradient. In frame indepen- 
dent notation, (see Appendix 3) the dissipative function can be 
written as 

where A, = a,dlkak, A ,  = Ba = a,dlkbk (CP). The viscosity coefficients 
in Eq. (16) have been weighted keeping in mind the expression of QJ 

for an orthorhombic nematic’ and are linear combinations of the 
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ISOTHERMAL HYDRODYNAMICS 27 1 

components of the viscosity tensors q and y. As the expressions are 
somewhat lengthly, they have not been presented here. Following ref. 
2 and ref. 3 ,  the viscous stress uji is defined as 

J' E + = aq/ad, - aq/aQ2, (17) 

where Q, is the antisymmetrical tensor which represents N (Appendix 
2). The definition of u;,! given in Eq. (17) is general and can cover 
cases where the director field undergoes a dissipative relaxation 
without the occurrence of material flow. From Eqs. (16) and (17) the 
viscous stress can be written as 
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212 U. D. KIN1 

Using Eqs. (18), (14) and (7) it should be possible to write down the 
torque equation in the absence of external fields. 

If the material is flexoelectric, electric polarisation P / f )  can result 
due to director field distortion. Following MeyerI3, P / f i  is assumed to 
be a linear function of director gradients in the principal axes frame 

p / n  = e. .  a 
?Ik Jk 

The tensor evk has 27 components, all of which enter the picture. In 
frame indifferent notation (see Appendix 3) 

'/'= cai (eaaa 'aab  + eaabJaar + eaacJabc + eabaIbba 

where the exyz are linear combinations of the tensor components e,,!. 
When flexoelectricity is present, P / f i  has to be added to the dielectric 
polarisation for determining the total displacement and electric free 
energy in the presence of electric field induced director distortion. 

B. Ericksen-Leslie approach 

A general tensorial expansion of quantities in terms of independent 
variables is adopted here. The expressions for F and P / f i  so derived 
are found to be formally identical to Eqs. (14) and (20) respectively. 
However, the viscous parts of uji and g: (CP) are found to be some 
what different. Using Eqs. (A4) and (B3) from the Appendices 1 
and 2, 
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ISOTHERMAL HYDRODYNAMICS 213 

The conservation of angular momentum (Eq. 7) shows that the 
viscous torque is determined by certain combinations of the coeffi- 
cients 6,7, which in turn are determined by combinations of a, the 
viscosities : 

A tensorial expansion thus results in an expression for uji which is 
described by 8 I viscosity coefficients a.  Applying Onsager’s princi- 
ple3, one finds 18 relations which are satisfied by the a 
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274 U. D. KIN1 

Even with Eq. (23), full accord between Eqs. ( 1 8 )  and (21) is not 
obtained. For bringing Eq. (21) into the form of Eq. ( I S ) ,  the 
procedure outlined in ref. 3 is followed. Using Eqs. (21), (22) and (6 )  
the entropy generation or equivalently cp, is written down. The coeffi- 
cients are linear combinations of the a.  Now, is calculated from 
Eq. (17) and equated to that given by Eq. (21), term by term. This 
results in all the a’s being determined by the q’s and the y’s of Eq. 
(18),  and Eq. (21) can now be cast into the form given by Eq. (18). 
These equations which determine the a’s include the Onsager rela- 
tions (Eq. 23) and can be written as 

- %ac) = ’a)Uyaaa + ‘bybaa + ’cycaa;  aabab + ababa = ‘?labob; 
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ISOTHERMAL HYDRODYNAMICS 215 

4. MONOCLINIC NEMATIC AND ORTHORHOMBIC NEMATIC 

Let a be the diad axis, which is normal to b and c. Vectors b ai d c 
need not be perpendicular to one another. As the three director fields 
are no longer equivalent, the expressions of different physical quanti- 
ties for a monoclinic nematic cease to be completely symmetrical with 
respect to a, b and c like those of a triclinic nematic (section 3) or an 
orthorhombic nematic2. In the principal axes frame, a and b of an 
aligned nematic can be made to coincide with the axes x, and x2  
respectively; c can lie in the x2x3 plane. A two-fold axis of symmetry 
about x, reduces the number of existing and independent components 
of pvk, (Eq. 10) from 45 to 25. There can now be only four divergence 
terms, viz. Daa (CP) and Db, (Eq. 13). Eq. (14) reduces to 

A monoclinic cholesteric will have the five additional linear terms { } 
which are absent for a monoclinic nematic. The elastic constants 
k,  I, m, p are linear combinations of the existing tensor components of 
p, with coefficients which now depend upon b 0 c and a - b X c. It is 
easy to show that the rest of the elastic constants in Eq. (14) vanish 
identically when a becomes a diad axis. 

Turning now to the dissipative function (Eq. 15) 9 has 13, y ( ' )  4 
and Y(~), 8 surviving components and thus a monoclinic nematic is 
described by 25 viscosity coefficients, which is the same as the 
number of elastic constants and surface terms. The viscous stress is 
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276 U. D. KIN1 

given by 

Y z a  = Ybra * (Ybb bb + Ybc bc) ,  yc:a = Ycca ( ybc bb + ycc bc)  

The ELA can be used along the lines of section 3. It is of course 
necessary to restrict terms which allow a diad axis about a. uji is found 
to depend on 41 as. The Onsager relation yields 8 equations relating 
some of the 41 as. The D F A  results in 16 relations which include the 
eight Onsager relations. With these equations the 41 as can be defined 
in terms of the 7s and ys of Eq. (26). One essentially gets subsets of 
Eqs. (21)-(24). 

For the flexoelectric polarisation, the surviving components of evk 
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ISOTHERMAL HYDRODYNAMICS 

(Eq. 19) number 13. For a monoclinic nematic, 

211 

PIcn = ar(eabalbba + earbIcca) + ci(ecaaIaab + eccaIccb 
a 

+ ( eaaclabc + eabczbca + eacaIcab ) + b, (ebaaIaac + ebbbIbbc 

(27) 
A general tensorial expansion restricted by a diad axis about a leads 
to a formally identical expression as Eq. ( 2 7 ) .  

For the orthorhombic class of biaxial symmetry, Eq. (25)  reduces to 
the expression for F given by Saupe;2 Eq. (26) goes over to the 
expression for uiI for a compressible orthorhombic nematic2. The 
flexoelectric polarisation P,’f, is described by six constants 

P : n = C u r ( e a b a l b b a +  eacbIcca) ( 2 8 )  

If uniaxial symmetry is imposed about one of the directors, say a, Eq. 
(28)  becomes 

‘I(’ = elarak,k + e3akar.k (29) 

which is Meyer’s expression for a uniaxial nernaticI3 which is de- 
scribed by director a. ( e ,  and e3 are the flexoelectric constants of a 
uniaxial nematic; also, ebcb = ecba = 0, eaba = ear, = - el, ecac = eba, 
= e3). 

5. INCOMPRESSIBLE FLUID 

For a triclinic nematic, using Eq. (A4), 

dkk = c + 2habAb)  (30) 

Using Eqs. (30) and (A4), it is possible to absorb the six viscosity 
coefficients qaa,, , qabub (CP) in linear combinations with other terms. 
The viscous stress can now be shown to be given by Eq. (1  8) with the 
restriction that the terms aiajqaaaa (CP) will not occur and 

T a a a b * ~ a a a b -  habqaoaa/2hau-  hua?lrrbab/2hub 5 

qaaca -j qaaca - hcaqaaaa/2haa - haaqcaca/’hca 3 

q a a b b j  qaabb - hbb?laaaa/2haa - haa?7bbbb/2hbb 9 (3’)  

qaabr --$ qaabc - hbcqaaaa/2haa - haaqbcba/2hbc 9 

qahab qa$ab - 4qabab (“) 
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278 U. D. KIN1 

An incompressible triclinic will thus be described by 39 viscosity 
coefficients which is the same as the number of elastic constants. 

As the elimination of quhUh (CP) involves division by the quantities 
huh (CP) two of which are zero for a monoclinic nematic, the expres- 
sion of for an incompressible monoclinic nematic has to be 
obtained from that for a compressible monoclinic nematic and cannot 
be directly deduced from the expression for an incompressible tri- 
clinic nematic. For a monoclinic nematic, using Eq. (A7) one finds 
that 

With Eqs. (32) and (A7) the viscosity coefficients qua,, (CP) and qbchc 

can be eliminated from the expression for the viscous stress. ujj is now 
given by Eq. (26) subject to the restrictions that the terms ajujAu (CP) 
do not appear and 

qauhc qaahc - ( hhcqauuu + q h c h c / h h c ) / 2 ,  

~ h h h c - ) ~ h h h c  - (hbcqhhhh/hbh + h h h q h c h c / h h c ) / 2 ~  

%chc 7)cchc - ( hhc%rcc/ hhh + hhh?lhchc/ h b r ) / 2 ,  

(33) 

d h r  

An incompressible monoclinic nematic will thus be described by 2 1 
viscosity coefficients which is the same as the number of elastic 
constants. 

It is again not possible to deduce the expression of u;f for an 
incompressible orthorhombic nematic from that of ujf for an incom- 
pressible monoclinic or triclinic nematic, for obvious reasons. One 
can however start from Eq. (18) or from Eq. (26), reduce it to 
orthorhombic symmetry, use Eq. (A8) to get dkk  = A , ,  eliminate 
the three viscosity coefficients qaaaa (CP) and obtaig an expression 
which is identical to that given by Saupe.2 It is possible to rewrite the 
expression (16) using Eq. (30) to obtain entropy generation in an 
incompressible triclinic. A similar expression can also be written for 
an incompressible monoclinic nematic. These have been left out. 
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ISOTHERMAL HYDRODYNAMICS 219 

Expressions for the external director body forces pG: (CP) can be 
derived by following Ericksen.I6 When the inhomogeneity of the 
medium brings about an inhomogeneity in the applied field, the field 
may also contribute towards the external body force pj.. Some simple 
examples of hydrostatic and hydrodynamic behaviour such as 
Freedericksz transition, back flow, rotating magnetic field and rotat- 
ing sample, power spectrum of hydrodynamic fluctuations, simple 
examples of electrohydrodynamic instabilities and flexoelectric do- 
mains etc. are likely to be presented in the near future.".'' 

APPENDIX 1. DERIVATION OF THE METRIC 

Triclinic nematic 

If a', b', co are three orthonormal vactors, 

c upu; = sij 
a 

Let a triclinic nematic be described by three non-coplanar unit 
vectors a,b,c. Without loss of generality, a can be chosen parallel to 
a', and b to lie in the (a', b') plane. In the a', b', c' frame, using Eq. (8) 

(A2) a = a', b = d,ao + d2b0, c = elao + e2bo + e3c0 

Solving for a', b', c', one gets 

a* = a, b' = f ,a + f2b, c' = g,a + g2b + g3c, 

f l  = -dl/d2, f 2 =  1 / 4 ,  ('43) 

gl = (@I - eld2)/e3d2% g2 = -e2/e3d2, 

Using Eqs. (Al) and (A3) it is possible to write 

g, = l/e, 
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Monoclinic nematic 

a is the diad axis, which is normal to b and c. Hence, 

d ,  = el = f, = g, = 0, d2 = ei + ef = 1 = f 2 ,  

('46) 

Orthorhombic nematic 

All three vectors a, b, c, are mutually perpendicular to one another 
and all three are diad axes of symmetry. As compared to Eqs. (A6) 
and (A7) we further have e2 = 0, e3 = 1, and 

Expressions on the right hand sides in Eqs. (A4), (A7) and (A8) 
indicate the form of a general symmetrical tensor for that particular 
class of biaxial symmetry. Material properties such as dielectric 
permittivity, thermal conductivity, electrical conductivity, diamag- 
netic susceptibility etc. are represented by symmetrical tensors. Thus 
the electrical conductivity tensor for a triclinic nematic 

is described by six constants Ki:', K i t )  (CP). The dielectric tensor of a 
monoclinic nematic 

depends upon four dielectric constants E,, (CP) and q,,. The diarnag- 
netic susceptibility of an orthorhombic nematic 

is described by three susceptibilities L, (CP) and is a diagonal tensor 
in the principal axes frame. For the triclinic and monoclinic classes, it 
should be possible to transform to principal axes and convert a 
symmetric matrix into diagonal form. It is not known whether this 
will lead to a simplification of the differential equations. 
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APPENDIX 2. VELOCITY OF ROTATION N OF THE 
DIRECTOR FIELD RELATIVE TO THE FLUID 

Triciinic nematic 

It is kn0wn~9~ that the velocity of rotation of the orthornormal triad 
a', bo,co relative to the fluid which is described by the velocity field 
2 ) , ( x k )  is 

N=C(Nbo-co)aO or N , = x a , " ( b ~ - ~ ~ ~ b ~ ) C ~  ( B l )  
a a 

For a triclinic nematic which is described by the non-coplanar direc- 
tor triad, a, b, c and a velocity field u, ( x k )  the same construction as in 
Appendix 1 is effected. The triad ao,bo,co is assumed to be rigidly 
fixed to the frame a, b, c. The rotation velocity of a, b, c, can be equally 
well described by Eq. (Bl) .  Using Eqs. (A2), (A3), and (Bl )  one finds 
that 

N j  = x a ( N:ck)ai/(a * b X hc) (B2) 

In terms of N k ,  the N: (CP) can be expressed as 

ab = a * b/ V = d,/e3d2 = ba , 

b, = b c/ V = (e,d, + e2d2)/e3d2 = c, , (B3) 

ca = c - a/ V = el/e3d2 = a,, a, = bb = c, = I /  V = l/e3d2, 

V =  a - b  X c 

Monoclinic nematic 

a is the diad axis. N is given by Eq. (B2) with a * b X c = e3. The N p  
(CP) are given by 

N: = b,Nlc, - ciN,b,aa, 

NP = - b,N,a,b, + bbN,alc, + ai[ b,N,b, - bbN,c,], 

N: = c,b,N,a, + a,[ c,N,b, - b,N,c,] - b,c,Nlal, 
(B4) 

b, = e2/e3, a, = b, = c, = l/e3 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
16

 2
0 

Fe
br

ua
ry

 2
01

3 



282 U. D. KIN1 

Orthorhombic nematic 

a .  b = b .  c = c - a = 0; a, = bb = c, = 1; a - b X c = 1. Eq. (Bl) repre- 
sents N and 

NP = biNlcl - ciN,bl (CP) (B5) 
If Qkl is the antisymmetrical tensor which describes the rotation of the 
director field relative to the fluid,' 

APPENDIX 3 

In order to write F and uii in frame indifferent notation, the following 
transformations are used: 

Triclinic nematic 
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Monocllnlc nematlc 

d ,  = el = f, = g, = 0, d2 = f 2  = 1. From Eq. (C1) one gets 

Orthorhombic nematic 

The transformations can be deduced from Eq. (C2) with the further 
restriction that e2 = g3 = 0, e3 = g3 = 1. Then, 

f f l l  -+ Iabc 3 f f 1 2 +  Ibbc 2 &13+ - 'ccb 7 
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